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We investigate states on the surface of strong and weak topological insulators and superconductors
that have been gapped by a symmetry breaking term. The surface of a strong 3D topological insulator
gapped by a magnetic material is well known to possess a half quantum Hall effect. Furthermore, it
has been known that the surface of a weak 3D topological insulator gapped by a charge density wave
exhibits a half quantum spinHall effect. To generalize these results to all Altland-Zirnbauer symmetry
classes of topological insulators and superconductors, we reproduce the classification table for the ten
symmetry classes by using the representation theory of Clifford algebras and construct minimal-size
Dirac Hamiltonians. We find that if the surface dimension and symmetry class possesses a Z or Z2
topological invariant, then the resulting surface state with a gapped symmetry breaking term may
have a nontrivial topological phase.
PACS numbers:
I. INTRODUCTION
Topological insulators and superconductors (TISC)
are fermionic systems with bulk energy gaps separat-
ing the occupied and empty bands. They have gapless
boundary states that are topologically protected and are
related to physical quantities, such as conductivity. The
Hamiltonians of such systems may possess time rever-
sal (TR), particle-hole (PH), or chiral symmetries. The
subject started with the recognition, by Thouless et al.,1
that the first example of topological insulators is inte-
ger quantum Hall states. Twenty years later, Kane and
Mele found that by incorporating a spin-orbit coupling
in the tight-binding model for graphene2,3, the system
becomes what is now known as a Z2 topological insu-
lator with time reversal symmetry(TRS). Subsequently,
Bernevig, Hughes, and Zhang4 predicted that such Z2
topological insulators can be realized in HgTe/CdTe
quantum wells, and this prediction was experimentally
verified by Ko¨nig, et al.5. After that, 3-D Z2 topolog-
ical insulators were predicted6–8 and observed9–12. It
turns out that TR topological insulators are just part of a
larger scheme — a complete classification of topological
insulators and superconductors has been developed by
Schnyder et al.13 and Kitaev14.
In this manuscript we use the representation theory
of Clifford algebras15,16 to construct minimal-size Dirac
Hamiltonians for each symmetry class and use these
Hamiltonians to illustrate boundary-state features. Our
results are summarized in table IV which shows the
minimal dimension and number of the inequivalent rep-
resentations of the Dirac Hamiltonian for each symme-
try class and spatial dimension and is in agreement with
ref. 17. We also write down the explicit matrix form of
each of these minimal-model Dirac Hamiltonians. Such
models serve as building blocks for other non-minimal
Hamiltonians. In our construction, the class BDI in one
dimension and class D in two dimensions, both of which
have Z topological invariants, are in some sense funda-
mental. Class BDI in one dimension serves to generate
all Dirac Hamiltonian possessing a Z2 invariant in odd
spacial dimensions. Similarly, class D in two dimensions
generates the non trivial Hamiltonians in even spatial
dimensions.
We use our model Hamiltonians as a tool to inves-
tigate states on the surface of both strong and weak
TISCs that have been gapped by a magnetic material or
by some density wave respectively. The former breaks
time reversal symmetry and the latter breaks transla-
tional symmetry. The surface of a 3D Z2 strong topo-
logical insulator gapped by a magnetic material is well
known to possess a half quantum Hall effect. Similarly,
a recent paper18,19 shows that the surface of a weak 3D
topological insulator gapped by a charge density wave
(CDW) also has a half-quantum spin Hall effect. We
generalize these results to all Altland-Zirnbauer sym-
metry classes of topological insulators and supercon-
ductors in any dimension. When the surface states are
gapped by a non-spatial symmetry-breaking perturbation
the surface system will inevitably belong to a different
symmetry class with fewer symmetries. However, for
weak topological insulators and superconductors which
are gapped by non-spatial symmetry-preserving pertur-
bations (such as a CDW), the surface system remains in
the same symmetry class. Significantly, we find that if
in the surface dimension and that symmetry class, there
is a Z2 topological invariant, then the resulting surface
states must be in a non-trivial phase.
This manuscript is organized as follow. In sec-
tion II, we review the ten Zirnbauer-Altland symmetry
classes20,21. In section III, we focus on the bulk phase
properties of class AIII and A systems by using the rep-
resentation theory of the complex Clifford algebra to re-
produce the first two rows in the classification table (ta-
ble I). In section IV, similarly, the classification of the re-
maining eight symmetry classes are reproduced by us-
2Class TR PH Ch d=0 d=1 d=2 d=3 d=4
AIII 0 0 1 0 Z 0 Z 0
A 0 0 0 Z 0 Z 0 Z
D 0 +1 0 Z2 Z2 Z 0 0
DIII -1 +1 1 0 Z2 Z2 Z 0
AII -1 0 0 2Z 0 Z2 Z2 Z
CII -1 -1 1 0 2Z 0 Z2 Z2
C 0 -1 0 0 0 2Z 0 Z2
CI +1 -1 1 0 0 0 2Z 0
AI +1 0 0 Z 0 0 0 2Z
BDI +1 +1 1 Z2 Z 0 0 0
TABLE I:13,14 The first column represents the names of the ten
symmetry classes, associated with the presence or absence of
TR, PH, and chiral symmetries in the next three columns. The
number 0 in the next three columns denotes the absence of the
symmetry. The numbers +1 and −1 denote the presence of
the symmetry and indicate the signs of the square TR operator
and the square PH operator.
ing the representation theory of real Clifford algebras. In
section V, we provide the rules for constructing the ex-
plicit form of each Dirac Hamiltonian. In section VII, we
review the examples of surface states for a 3D strong and
weak topological insulator, We show that the surface
states of a strong topological insulator gapped by ferro-
magnetic materials have a half Quantum Hall effect and
the surface states of aweak topological insulator gapped
by CDW have a half Quantum spin Hall effect. In sec-
tion VIII, we consider more general cases — the surface
states for each strong topological insulators and super-
conductors gapped by one symmetry breaking. In sec-
tion IX, likewise we investigate the topological physics
of the surface states for eachweak topological insulators
and superconductors gapped by some density wave and
conclude with a brief summary in section X.
II. CLASSIFICATION BY SYMMETRIES
We start from single-particle HamiltonianH(~k) in mo-
mentum space and adopt the notations in ref. 22,23.
The Dyson symmetry classes, completed by Zirn-
bauer and Altland, are simply characterized by the pres-
ence or absence of three discrete symmetries: time re-
versal, particle-hole, and chiral (sublattice) symmetries.
The time reversal operator T is an antilinear map with
T 2 = ±1. If the system preserves TRS, the Hamiltonian
H obeys the equation
T−1H(−~k)T = H(~k), (1)
where ~k is the momentum. Similarly, C is a particle-hole
operator as an antilinear map with C2 = ±1. The PHS
equation can be written in the similar form
C−1H(~k)C = −H(~k). (2)
Finally, a Hamiltonian preserving chiral symmetry sat-
isfies the equation
S−1H(~k)S = −H(~k), (3)
where the chiral symmetry operator S is a linear map.
TRS and PHS guarantee chiral symmetry with the sym-
metry operator S = TC. However, a Hamiltonian pre-
serving chiral symmetry may not preserve the other two
symmetries — as seen in the class AIII in table I. Class
AIII and Class A (having no symmetry associated with
it) are known as complex symmetry classes. In table I, the
remaining symmetry classes contain all combinations
with either TRS or PHS being preserved. There are two
possible values that can be assigned to each symmetry
when it is preserved, i.e.
T 2 = ±1 and C2 = ±1. (4)
These eight symmetry classes are called real for the rea-
sons will be clear later.
All ten symmetry classes of electronic systems in ta-
ble I are bulk gapped systems. To topologically distin-
guish any two bulk gapped systems in the same symme-
try class, we have to consider a continuous deformation
between these two systems. When the spectra of the two
systems can be continuously deformed from one to the
other without closing the band gap, these two systems
possess the same topological phases. To capture the es-
sential topological phases simply, we simplify our focus
to Dirac Hamiltonians, which are topologically equiv-
alent to another systems with more complicated band
structures. For the Dirac Hamiltonian, we will also re-
quire that if the eigenenergies of the conduction band
levels are {+E}, then the eigenenergies of the valence
band levels are {−E}. A Dirac Hamiltonian is a linear
combination of Gamma matrices (γi):
HDirac =Mγ0 +
d∑
i=1
kdγd, (5)
where γi’s obey the anticommutation relation of the Clif-
ford algebra
{γi, γj} = 2δij1. (6)
Here, d is the spatial dimensions of the system, ki is the
momentum in the i-th direction, and 1 is the identity
matrix without specific matrix dimension. The eigenen-
ergies are given by E± = ±
√
M2 +
∑d
i=1 k
2
i . For a
system in each individual symmetry class, the Dirac
Hamiltonian must preserve the symmetries correspond-
ing to that symmetry class. That is, the Hamiltonian
obeys the symmetry equations in eqs. (1) to (3). The first
3goal of this manuscript is to find the minimum matrix di-
mension(size) of a Dirac Hamiltonian in each individual
symmetry class and spatial dimension.
With negative energies filled, we identify M = 0 as
a quantum phase transition, where the gap between the
empty and occupied band closes at ki = 0. In general
we might worry that, for realistic systems, additional
perturbations and disorder, which preserve system’s
symmetries, might block the quantum phase transition.
Such terms must anticommute with all of the gamma
matrices in the Dirac Hamiltonian. We classify these
terms as an extra mass term, mγd+1. The reason is that
the new energies are E± = ±
√
M2 +m2 +
∑d
i=1 k
2
i . If
allowed by symmetries, suchmwill not vanish in a real
system and quantum phase transition cannot take place
by tuning M . Furthermore, we name this term as sym-
metry preserving extra mass term (SPEMT). If mγd+1 is
not allowed by symmetries, the systems with negative
M and positiveM respectively have two different topo-
logical phases.
A. The spectrum of the surface states
We will show that the Dirac Hamiltonians HDirac
above have surface states localized on any domain wall
whereM changes the sign. Furthermore, without an ex-
tra mass term these surface states are gapless and with
an extra mass term they are gapped. To see those prop-
erties, suppose that there is a domain wall at xd = 0 (in
d-th direction). That is, we changeM(xd) from negative
to positive as xd increases. As kd is no longer a good
quantum number, we replace kd by −i∂/∂xd. First, to
have the zero mode Φ, we set kj to be zero for j 6= d, so
HDiracΦ becomes
0 = (Mγ0 − iγd∂/∂xd)Φ = γ0(M − iγ0γd∂/∂xd)Φ (7)
The normalizable zero mode is proportional to
e−
∫ xd
0
M(x′d)dx
′
d . Furthermore, because (iγ0γd)
2 = 1,
iγ0γd only has ±1 eigenvalues. Since iγ0γd and γ0 anti-
commute with each other, the eigenspaces correspond-
ing to the eigenvalues ±1 have the same dimension.
By choosing an eigenvector ψ− of the eigenvalue −1,
the normalized zero mode is Φ− = e
−
∫ xd
0
M(x′d)dx
′
dψ−.
Because [iγ0γ1, γj ] = 0 for j 6= d. The bulk Hamiltonian
HDirac can be projected onto a surface Hamiltonian
HsurfDirac =
d−1∑
i=1
kiΥi−, (8)
where the subscript “−” indicates thatΥi− is in the basis
of the eigenspace of iγ0γd = −1; Υi− is half the size
of γi and still preserves the anticommutation relations
in eq. (6). Hence, the energy spectrum of the surface
Hamiltonian is gapless
E± = ±
√√√√d−1∑
i=1
k2i . (9)
However, when an extra mass term, mγd+1, is added to
HDirac, the surface Hamiltonian is gapped out since an-
other anticommuting term mΥd+1− is in H
surf . Return-
ing to the quantum phase transition discussion. The al-
lowance of an extra mass term into HDirac implies that
the regions of the system xd > 0 and xd < 0 have the
same topological phase because the extramass term pre-
vents gap closing. We know the fact that the interface
between two systems in the same phase have no robust
gapless states. This is consistent with the absence of
gapless states around xd = 0. In the next two sections,
we will discuss topological invariants for complex and
real symmetry classes by using the occurrence of quan-
tum phase transitions in bulk Dirac Hamiltonians.
III. COMPLEX SYMMETRY CLASSES
The existence of quantum phase transitions can deter-
mine the classification of the topological phases for each
symmetry classes. The topological phases are classified
by three types of the topological invariants: “0”, Z2, and
Z. The system that cannot have any quantum phase
transitions is a trivial “0” insulator. When quantum
phase transitions are possible, we need to consider ad-
ditionally a system with two identical copies of this
Hamiltonian. In this new system, if quantum phase
transitions cannot take place, it is a Z2 topological in-
sulator. Conversely, if quantum phase transitions can
occur, the system is a Z topological insulator. These oc-
currences of quantum phase transition will be analyzed
by whether or not SPEMTs are allowed in the Hamilto-
nian. Before discussing the more complicated cases of
symmetry classes with TRS or PHS, let us focus on two
simple symmetry classes AIII and A, which preserves
and breaks chiral symmetry respectively. They can be
directly classified by irreducible matrix representations
of the complex Clifford algebra. Class A and AIII are
closely related; their topological invariants {0,Z} flip as
the spatial dimensions are shifted by one, as shown in
table I.
First, we start with some simple examples. Consider
class A, the one without any symmetry, in 1-dimension.
The Hamiltonian with gaps in the irreducible (minimum
matrix dimension) form of eq. (5) is given by
H = Mσx + p1σy , (10)
where M is a parameter to be tuned close the bulk en-
ergy gap and p1 is the momentum. In order to switch
the phase, the only possible place where the gap closes
is at M = p1 = 0. Because we do not require any sym-
metry in this system, it is legal to add an extramass term
4mσz (m 6= 0), as a small perturbation, to keep the gap
open. Hence, no quantum phase transitions take place.
The system is characterized as a single trivial phase in-
sulator.
For class AIII in 1-D, the system satisfies the chiral
symmetry condition in eq. (3); that is, S anticommutes
with the Hamiltonian. The Hamiltonian is in the same
form as eq. (10), but with S = σz . Now we cannot add
mσz in the Hamiltonian because it commutes with S. At
p1 = M = 0 the gap closes safely soM > 0 andM < 0
are two different quantum phases.
To increase the chances of finding an extra mass term,
consider two copies of this Hamiltonian in the system,
which preserves chiral symmetry. For example, elec-
trons with spin up and down are described by two iden-
tical Hamiltonians. The form of the new Hamiltonian is
given by
H = Mσx ⊗ 1+ p1σy ⊗ 1, (11)
with chiral symmetry operator S = σz ⊗ 1, where 1 is
the 2 × 2 identity matrix. It is not hard to prove that
no SPEMTs exist. At M = p1 = 0, four-band touching
brings a different quantum phase. Alternatively, as we
change the sign of one term of one 2 × 2 single electron
Hamiltonian in eq. (10), the entire Hamiltonian can be
rewritten as
H =Mσx ⊗ σz + p1σy ⊗ 1 (12)
It is not difficult to find an SPEMTmσx⊗σx as a pertur-
bation preserving chiral symmetry. This term prevents
the spectrum from closing the gaps by tuning M so the
system always stays in the same phase. In general, there
are k+l copies of the Hamiltonian in eq. (10) and l copies
of the same Hamiltonian with the first term sign chang-
ing and k copies of the original Hamiltonian. Say k ≥ l.
The composite Hamiltonian is expressed as
H = Mσx⊗
(
σz ⊗ 1l×l 0
0 1(k−l)×(k−l)
)
+p1σy⊗1(k+l)×(k+l).
(13)
The symmetry operator S should be enlarged to σz ⊗
1(k+l)×(k+l). The energy gap closing in the first block of
the Hamiltonian is forbidden by a SPEMT (mσx ⊗ σx ⊗
1k×k). However, by tuningM the energy gap in the sec-
ond block can close freely to transit to different phases.
Therefore, the integer k − l characterizes k − l different
topological phases so the characterization provides the
integer number of different topological phases labelled
by Z in class AIII in one spatial dimension.
In general, for class A in d spatial dimensions, the con-
struction of the Hamiltonian needs d + 1 gamma ma-
trices. Also for class AIII in d spatial dimensions, the
formation needs d + 2 gamma matrices due to the pres-
ence of the chiral symmetry operator. From the rep-
resentation theory of the complex Clifford algebra, ta-
ble II shows the minimum matrix dimension(size) dq of
q 1 2 3 4 5 6 7 8
dq 12 2 22 4 42 8 82 16
TABLE II: The integer q is the number of the complex gamma
matrices, which anticommute with the rest of the gamma ma-
trices. The second row indicates the corresponding minimum
matrix dimensions of the gamma matrices. The subscript 2
in the second row denotes that there are two inequivalent
representations. (i.e. these two representations cannot uni-
tary transform from one to another. For example, for q = 3,
{σx, σy , σz} and {σx, σy,−σz} are two inequivalent represen-
tations.) With q = 2n−1 the sets ({γ1, γ2, ..., γ2n−2, γ2n−1} and
{γ1, γ2, ..., γ2n−2,−γ2n−1}) of the two inequivalent represen-
tations allow us to construct a new set of the gamma matrices
(Γi) for q = 2n: Γi = γi⊗1 for i ≤ 2n−2, Γ2n−1 = γ2n−1⊗σz,
and Γ2n = γ2n−1⊗σx. The new gamma (Γ2n) matrix anticom-
mutes with the other gamma matrices.
the Hamiltonian for the number q of irreducible com-
plex gamma matrices is given by
dq = 2
⌊q/2⌋, (14)
where ⌊x⌋ equals to the largest integer less than x.
Therefore, in d spatial dimensions the minimal matrix
dimensions of the Hamiltonians for class A and class are
given by 2⌊d/2+1/2⌋ and 2⌊d/2+1⌋ respectively. We name
a Dirac Hamiltonian written in minimal matrix dimen-
sions as a minimal Dirac Hamiltonian.
On the one hand, consider q is even, say q = 2n, then
dq = 2
n. If we add an extra mass term as a gamma ma-
trix to keep the energy gap open, the matrix dimension
(dq = 2
n) of the Hamiltonian is unchanged. Such an
extra mass term can be present in the Hamiltonians in
class A and AIII because class A corresponds to no sym-
metries and in class AIII this mass term, an extra gamma
matrix, anticommutes with the S chiral symmetry oper-
ator. For both of the symmetry classes, due to the pres-
ence of the SPEMT by tuningM the systems always stay
in the same phase. In this regard, like class A in one
spatial dimension in eq. (10) is always in the only one
topological phase, which is trivial. In general, in class
AIII in even dimensions (class A in odd dimensions), a
Dirac Hamiltonian with(out) a chiral symmetry opera-
tor is constructed by even number of gamma matrices
so the systems are characterized by “0” topological in-
variant.
On the other hand, q = 2n − 1 is odd. It is not pos-
sible that an extra gamma matrix is added to a minimal
Dirac Hamiltonianwithout enlargingmatrix dimension.
The minimal Hamiltonian is safe to pass through phase
transition under the symmetry by tuning M . To add an
SPEMT, table II displays that the size of the Hamilto-
nian must be doubled and the new double size gamma
matrices must be constructed by the two inequivalent
representations of the original gamma matrices γi. Like
class AIII in one spatial dimension, the Hamiltonian can
be arbitrarily enlarged but is formed by original γi of the
5Hamiltonian in irreducible form.
H = Mγ2n−2⊗
(
σz ⊗ Ik×k
Il×l
)
+
∑
i
piγi⊗I(2k+l)×(2k+l)
(15)
The first block of the mass matrix of the second matrix
denotes k pairs of the two inequivalent representations,
which allow to anticommute with an SPEMT. Also the
second block denotes the l equivalent representations,
which provide l times of the quantum phase transitions.
Since l can be an arbitrary integer, for class A in even-
dimension and class AIII in odd-dimension, the system
has a Z topological invariant.
IV. REAL SYMMETRY CLASSES
The minimum dimension of Dirac Hamiltonians in the
presence and absence of an SPEMT for each individual
real symmetry class plays an essential role to connect
topological invariants: “0”, Z, and Z2. In the following,
we use Clifford algebra to obtain the minimum dimension
of Dirac Hamiltonian in each real symmetry class and
then compare the minimum dimension with and without
an SPEMT to determine the topology. Since the SPEMT
is important in this topological realization, we slightly
change the Dirac Hamiltonian in eq. (5) by adding some
SPEMTs and change γ0 → γ˜0
H(k) = Mγ˜0 +
D∑
j=1
mj γ˜j +
d∑
i=1
kiγi, (16)
where D is equal to 0 or 1 corresponding to a system
without or with an SPEMT and d indicates the spatial
dimension of the system. Also these gamma matrices
satisfy the anticommutation relations:
{γi, γj} = 2δij1, {γ˜i, γ˜j} = 2δij1, {γi, γ˜j} = 0 (17)
For each individual symmetry class, this Hamiltonian
preserves the corresponding symmetries: TRS, PHS, or
chiral symmetry. To construct this Hamiltonian, we
need to have these elements:
S = {i, γ˜0, γ˜1, · · · , γ˜D, γ1, γ2, · · · , γd, T, and(or) C}
(18)
The reason for i ∈ S is that i2 = −1 guarantees com-
plex structure so the Hamiltonian can be constructed in
a complex vector space. Here presence of time rever-
sal operator T and particle-hole operator C depends on
which symmetry class the Hamiltonian belongs to. Be-
cause of antilinearity, these operators anticommute with
i
{i, T } = 0, {i, C} = 0. (19)
When the Hamiltonian preserves time reversal symme-
try and particle hole , the gamma matrices must obey
[γ˜j , T ] = 0, {γi, T } = 0 (20)
{γ˜j, T } = 0, [γi, C] = 0 (21)
For real symmetry classes, TRS and PHS automatically
guarantee chiral symmetry so no extra elements are re-
quired for the construction of chiral operator S. The op-
erators T and C describe different degree freedoms of
physical systems. Due to the antilinear property of these
operators, we can add a proper phase to T orC such that
{T,C} = 0 (22)
The goal of this section is to find the minimum matrix
dimension of the elements in S, which satisfy the anti-
commutation and commutation relations in eqs. (4), (17)
and (19) to (22). To achieve this, from S we construct a
groupG respecting the anticommutation and commuta-
tion relations
G ≡ {sn11 s
n2
2 · · · s
nr
r |si ∈ S, ni ∈ “0” ∪ Z
+} (23)
In other words, the elements of S are the generators of
G. According to representation theory, if for a finite
group a faithful representation, which is isomorphic to
the group, is irreducible, the matrix dimension of the
faithful representation is minimal. Therefore, we have to
find the irreducible faithful representation of G in order
to obtain the minimum dimension of the Dirac Hamilto-
nian. For the future convenience, we define theG# from
eq. (23) corresponding to that symmetry class, where #
is the name of symmetry class. Themain idea of this sec-
tion is the application of the isomorphisms between G#
and the group from the generators of the real Clifford
algebra Clp,q . That is,
GD ∼=Cl
g
2+D,1+d, GDIII
∼=Cl
g
3+D,1+d,
GAII ∼=Cl
g
3+D,d, GCII
∼=Cl
g
4+D,d,
GC ∼=Cl
g
2+d,1+D, GCI
∼=Cl
g
2+d,2+D,
GAI ∼=Cl
g
1+d,2+D, GBDI
∼=Cl
g
1+d,3+D (24)
The group Clgp,q>0 (not pin(p, q)) is define as
Clgp,q ≡ {L
n1
1 L
n2
2 · · ·L
nr
r |Li ∈ J , ni ∈ “0” ∪ Z
+}, (25)
where the set J
J ≡ {J˜1, J˜2, · · · , J˜p, J1, J2, · · · , Jq} (26)
and these generators of Ji and J˜j are real symmetric ma-
trices and obey the anticommutation relations.
{Ji, Jj} = −2δij1, {J˜i, J˜j} = 2δij1, {Ji, J˜j} = 0 (27)
We note that the Dirac Hamiltonians are in a complex
vector space and those generators are in a real vector
space. This is the reason that these eight symmetry
classes are called real. We leave the proof of this isomor-
phism in appendix A for the interested readers.
In fact, we are interested in theminimum dimension of a
Dirac Hamiltonian for each specific symmetry and spa-
tial dimension. In appendix A, we will show that the
minimum dimension of that Dirac Hamiltonian is a half
6minimum dimension dp,q of the corresponding real Clif-
ford algebra in the matrix form due to the transforma-
tion from a real vector space to a complex vector space.
The minimum dimension of a Dirac Hamiltonian for
each symmetry class and spatial dimension is shown in
table IV. The table will be generated as follows.
Although the isomorphism in eq. (24) provide a mini-
mum dimension of the Dirac Hamiltonians for each sym-
metry class and each spatial dimension, a better way to
reveal the minimum dimensions is to use some identities
of the real Clifford algebra. The first two identities are
given by
Clp+1,q+1 = Clp,q ⊗ Cl1,1 (28)
Clp+k,q = Clp,q+k, as p− q ≡ 3 (mod 4). (29)
We note that Cl1,1 is isomorphic toR(2), whereR(n) de-
notes the algebra of n × n matrices with coefficients in
R. Therefore, the minimum dimension d1,1 of the genera-
tors of the Cl1,1 is 2. By the first identity, the minimum
dimensions dp+1,q+1 of the generators of Clp+1,q+1 is the
product of d1,1 and dp,q . Thus, these identities above
provide these relations of the minimum dimensions:
dp+1,q+1 = 2dp,q (30)
dp+k,q = dp,q+k, as p− q ≡ 1 (mod 4). (31)
By using eq. (24), we have the the relations for minimum
dimensions of the Dirac Hamiltonians in eq. (16) in dif-
ferent symmetry classes as the number D of γ˜i is fixed
size(HD(∆d = 0)) = size(HDIII(∆d = 1))2
−1
=size(HAII(∆d = 2))2
−1 = size(HCII(∆d = 3))2
−2
=size(HC(∆d = 4))2
−2 = size(HCI(∆d = 5))2
−3
=size(HAI(∆d = 6))2
−3 = size(HBDI(∆d = 7))2
−4,
(32)
where ∆d = d − n and n is an arbitrary integer. This
equation shows that the minimum dimensions of two
different symmetry classes can be connected by spatial
dimensional d shift. Therefore, since the behaviors of the
minimum dimensions determine topology, in the ten-
fold classification table (table I) the topology of a sym-
metry class can obtained from another symmetry class
by dimensional shift. Last but not least, we introduce
another identity of the real Clifford algebra: the Bott pe-
riodicity
Clp,q ⊗ Cl4,4 = Clp,q+8 = Clp+8,q, (33)
which provides that the minimum dimension of a Dirac
Hamiltonian for each individual symmetry possesses
the periodicity of eight
size(H#(∆d = 0)) = size(H#(∆d = 8))2
−4, (34)
where # is the name of a symmetry class. From these
relations as D is fixed, by knowing the minimum dimen-
sion of a Dirac Hamiltonian as d = 1 for each symmetry
Class d = 1, D = 0 d = 1, D = 1 invariant
D 2 4 Z2
DIII 4 4 0
AII 22 4 Z
CII 4 4 0
C 2 2 0
CI 2 22 0
AI 12 2 Z
BDI 2 4 Z2
TABLE III: The second and third column represent the mini-
mum dimension of a Dirac Hamiltonian without and with an
SPEMT.
class we know the information for the minimum dimen-
sion of a Dirac Hamiltonian in any spatial dimensions
and symmetry class. For example,
size(HD(d = 4)) =size(HCI(d = 9))/8
=2× size(HCI(d = 1))
In the first line and the second line, we use eqs. (32)
and (34) respectively. The topological invariants
{0,Z2,Z} are determined by the minimum dimensions of
H# with D = 0, 1 as the spatial dimension d is fixed.
It will be shown in the next three paragraphs that the
changing of the minimum dimensions from D = 0 to
D = 1, (n → n, n → n2), n → 2n, and n2 → 2n
correspond to topological invariants “0”, Z2, and Z re-
spectively. This corresponding and the relations of the
minimum dimensions in eqs. (32) and (34) show that in
the periodic table when spatial dimension d is increased
by one, the entire topological invariant column moves
down by one. Thus, all we need to know is the topo-
logical invariants as d = 1 for all symmetry classes to
generate the periodic table in any spatial dimension. Ac-
cording to the isomorphism in eq. (24), the minimum di-
mension of a Dirac Hamiltonian in one spatial dimen-
sion without (D = 0) and with (D = 1) an SPEMT in
a complex vector space is shown in table III. Finally, we
can regenerate the periodic table in table I from the last
column in table III, which provides the corresponding
topological invariants for each symmetry class.
n → n, n → n2: An SPEMT can be added into the
Hamiltonian without enlarging the matrix dimension.
Therefore, in the presence of the SPEMT the bulk Dirac
Hamiltonian in eq. (16) can go through a quantum phase
transition by tuningM . This is a topological trivial case
and is labeled by “0”.
n → 2n: For the Hamiltonian with the minimum
size, an extra mass term is forbidden unless breaking
the symmetries. Hence, the gapless state is topologi-
cally protected. However, we consider two copies of the
bulk Dirac Hamiltonian. As the size of the Hamiltonian
is doubled, in the presence of an SPEMT the Hamilto-
nian is gapped. On one hand, for the odd number of the
7Dirac Hamiltonian copies in eq. (16), one of the copies
cannot be paired with another to have SPEMTs. There-
fore, there is one quantum phase transition, which im-
plies two distinct topological phases. On the other hand,
for the even number of the copies, each state can be
paired to have SPEMTs, which prevent the occurrence
of quantum phase transitions. The absence of quantum
phase transitions keeps the system in the only topolog-
ical phase. Thus, this case belongs to a Z2 topological
invariant.
n2 → 2n: A single bulk Dirac Hamiltonian in min-
imum matrix dimension has two topological phases in
the absence of SPEMT. However, when we double the
size of the Hamiltonian, there are two possibilities: the
new Hamiltonian can be constructed by two equiv-
alent representations or two inequivalent representa-
tions from the original one. For the former, SPEMTs
do not exist. These two Dirac Hamiltonians, with two
equivalent representations, transit to different topolog-
ical phases. For the latter, SPEMTs is present in the
Hamiltonian. Hence, the system of the twoDiracHamil-
tonians, with two inequivalent representations, is al-
ways in the same topological phase, which is trivial. In
general, the Hamiltonian formed by n equivalent rep-
resentations can go through n times of quantum phase
transitions. In this regard, this case gives a Z topological
invariant.
The topological features of the invariants {0,Z2,Z}
has been also discussed in ref 22,23.
A. Surface Hamiltonian classification
Based on the minimum dimension of the bulk Dirac
Hamiltonians, we can regenerate the classification ta-
ble of topological insulators and superconductors. Sim-
ilarly, consider the minimum dimension of the gapless
surface Hamiltonians in eq. (8) with a gap opening term
Hsurf(~k) = mΥ˜1 +
d−1∑
i=1
kiΥi, (35)
where Υ˜1 and Υi have the same anticommutation rela-
tion in eq. (17) as γ˜1 → Υ˜1 and γi → Υi. The isomor-
phism between all of the elements of Hsurf in eq. (18)
and the generators Clp,q of the real Clifford algebra is
simply described by eq. (24) asD → D−1 and d→ d−1
due to the absence of Υ˜0 and Υd. The relation between
the surface and bulk Hamiltonian by eq. (28) is
Hbulk# = H
surf
# ⊗ Cl1,1. (36)
In each individual symmetry class and spatial dimen-
sion, any surface Hamiltonian in the minimal model is
always half the minimum dimension of the bulk Dirac
Hamiltonian. Therefore, by considering the minimum
dimensions of surface Hamiltonians without and with a
gapping term, we can also reproduce the classification
table.
d
Class TR PH Ch d=0 d=1 d=2 d=3 d=4
AIII 0 0 1 2 22 4 2
2
2 8
A 0 0 0 12 2 22 4 2
2
2
D 0 +1 0 2 2 22 4 8
DIII -1 +1 1 4 22 22 222 8
AII -1 0 0 22 4 2
2
2
2
2
2
2
CII -1 -1 1 4 222 8 2
3
2
3
C 0 -1 0 2 4 222 8 2
3
CI +1 -1 1 2 4 8 232 16
AI +1 0 0 12 2 4 8 2
3
2
BDI +1 +1 1 2 22 4 8 16
TABLE IV: The table shows the minimumdimension of a Dirac
Hamiltonian in the form of eq. (5) for each individual sym-
metry class and spatial dimension. The bold numbers denote
the topological invariant: Z or Z2. The subscript 2 indicates
that there are two inequivalent representations. Without it, in
that symmetry class and dimension there is only one equiv-
alent representation. First, the minimum dimensions of the
two complex symmetry classes is from the minimum dimen-
sion of the complex representation theory in table II. Secondly,
table III displays the minimum dimensions of the remaining
eight symmetry classes in 1d. By using the interplay between
the minimum dimensions of the real symmetry classes and
spatial dimensions in eqs. (32) and (34), the result is shown
in this table, which is in agreement with the indirect result in
ref 17.
V. EXPLICIT FORMS OF THE DIRAC HAMILTONIANS
When spatial dimension d is fixed, there are five non-
trivial symmetry classes—“Z, Z, Z2, Z2, 2Z”. To sim-
plify the following discussion, we define a complex
symmetry class in some dimensions with a Z topolog-
ical invariant as “ZC”. Furthermore, a real symmetry
class possessing a Z topological invariant is defined as
“ZR”, which are called “primary series” by Ryu and
Takayanagi24. Similarly, class “2ZR” corresponds to
2Z topological invariant, which indicates the system al-
ways has even number of the topological number. For
two Z2 classes, in the periodic table class “Z
R,1
2 ” is the
one right next to class ZR and the remaining Z2 class is
defined as “ZR,22 ”. Class Z
R,1
2 and Z
R,2
2 are also known
as the first and second descendant of the primary se-
ries. Consider in the same symmetry class and spatial
dimension, two different Dirac Hamiltonians with sym-
metry operators are in an equivalent representation. Ac-
cording to the presentation theory, there exists an unitary
transformation (appendix B will show the meaning of
the transformation) from one Hamiltonian and the cor-
responding symmetry operators to the others. There-
fore, to construct one Hamiltonian for each individual
symmetry and spatial dimension, we only need to find
out one Hamiltonian for each inequivalent representa-
8tion.
In table IV, we observe that in even spatial dimension,
say d = 2n, the minimum dimension relation of a Dirac
Hamiltonian in the five non-trivial symmetry classes is
2size(ZC) = 2size(ZR) = size(ZR,12 )
=size(ZR,22 ) = size(2Z
R) = 2n+1 (37)
In odd spatial dimension, say d = 2n− 1, the relation is
slightly different from in even dimension
2size(ZC) = 2size(ZR) = 2size(ZR,12 )
=size(ZR,22 ) = size(2Z
R) = 2n+1 (38)
In the real symmetry classes, we use the explicit matrix
of a Dirac Hamiltonian for class ZR to construct the ma-
trix expression for class ZR,12 , Z
R,2
2 , and 2Z
R. When we
observe the periodic table I, the relation of time reversal
and particle hole operators can be found in odd(even)
dimension.
(T d
ZR
)2 = −(T d2ZR)
2 = (Cd
Z
R,1
2
)2 = (Cd+2
ZR
)2 = (T d=even
Z
R,1
2
)2
(39)
and(or)
(Cd
ZR
)2 = −(Cd2ZR)
2 = −(T d
Z
R,1
2
)2 = −(T d+2
ZR
)2 = (Cd=even
Z
R,1
2
)2
(40)
The last terms in both of the equations are only for even
spatial dimension. Here the superscript indicates spa-
tial dimension and the subscript indicates a topological
invariant class. If the explicit expressions of class ZR is
known, Dirac Hamiltonians with two inequivalent rep-
resentations in odd(even) dimension are written as
H(k)ZR = ±Mγ˜0 +
d∑
i=1
kiγi. (41)
The minus and plus signs represent two inequiva-
lent representations. This Hamiltonian preserves TRS
and(or) particle PHS with time reversal operator (TZR)
and(or) particle-hole operator (CZR).
A. Two parent Hamiltonians
To construct Dirac Hamiltonians for all topological
invariant classes, we start from writing down Dirac
Hamiltonians for class BDI in 1-d, corresponding to
class ZR:
H = ±mσx + kxσy (42)
with time reversal operator T = K and particle hole op-
erator C = σzK . The signs indicate two inequivalent
representations. Also, we build a Dirac Hamiltonian for
class D in 2-d, corresponding to class ZR:
H = ±mσy + kxσx + kyσz (43)
with particle hole operator C = K . The former is the
base Hamiltonian to construct all other Dirac Hamilto-
nians in odd dimension. Likewise, the latter is for even
dimension.
VI. DIFFERENT CLASSES, THE SAMEDIMENSION
To construct other Dirac Hamiltonians, we have to
separate to two cases. First, we will fix the dimension
and build a Dirac Hamiltonian in different topological
invariant classes. Secondly, we will construct a Dirac
Hamiltonian in class ZR in d + 2 dimension from the
same class in d dimension. Thus, a Dirac Hamiltonian
for any class and in any dimension can be built from
these two rules. Some parts of the explicit forms of
Dirac Hamiltonians are the similar with Teo and Kane’s
results25.
1. 2ZR in odd(even) dimension
The construction of a Dirac Hamiltonian in class 2ZR
is from class ZR in the same spatial dimension. By
eqs. (37) and (38), the minimum dimension of a Dirac
Hamiltonian in class 2ZR is twice as big as in class ZR.
Moreover, as the spatial dimension is fixed, T 22ZR and(or)
C22ZR have different signs from T
2
ZR
and(or)C2
ZR
. To have
these two symmetries, we write down the explicit ma-
trix form for class 2ZR with two inequivalent represen-
tations from class ZR as
H(k)2ZR = (±Mγ˜0 +
d∑
i=1
kiγi)⊗ 1 (44)
When the symmetry operators are defined as T2ZR =
TZR ⊗ σy and(or) C2ZR = CZR ⊗ σy , the corresponding
symmetries of 2ZR are preserved.
2. ZR,12 in odd dimension
Consider a Dirac Hamiltonian for class ZR,12 in odd
dimension. The minimum dimension of a Dirac Hamil-
tonian is the same with class ZR. Therefore, the explicit
form is
H(k)
Z
R,1
2
= H(k)ZR . (45)
To have a Hamiltonian belonging to class ZR,12 , we only
need to keep one of those two symmetries from class
Z
R. That is, as d = 4l + 1 and d = 4l + 3, TRS and PHS
are kept respectively. It should be noticed that although
classZR and classZR,12 have the same form of theHamil-
tonian, the restrictions of perturbations added into the
Hamiltonian for class ZR is more rigorous than for class
9Dimension Odd Symmetry Operators Even Symmetry Operators
Z
C HZR SZC = TZRCZR HZR 0
Z
R HZR TZR and CZR HZR TZR as d = 4l or CZR as d = 4l + 2
Z
R,1
2
HZR
C
Z
R,1
2
= CZR as d = 4l + 1 HZR ⊗ σz
T
Z
R,1
2
= TZR ⊗ 1 and CZR,1
2
= TZR ⊗ σx as d = 4l or
T
Z
R,1
2
= TZR as d = 4l + 3 TZR,1
2
= CZR ⊗ σy and CZR,1
2
= CZR ⊗ 1 as d = 4l + 2
Z
R,2
2
HZR ⊗ σz TZR,2
2
= CZR ⊗ σy and CZR,2
2
= TZR ⊗ σx HZR ⊗ σz
C
Z
R,2
2
= TZR ⊗ σx as d = 4l or
T
Z
R,2
2
= CZR ⊗ σy as d = 4l + 2
2ZR HZR ⊗ 1 T2ZR = TZR ⊗ σy, C2ZR = CZR ⊗ σy HZR ⊗ 1
T2ZR = TZR ⊗ σy as d = 4l
C2ZR = CZR ⊗ σy as d = 4l + 2
TABLE V: In any spatial dimension, the construction of minimal-size Dirac Hamiltonians for five non-trivial symmetry classes
fromHZR is shown in the table.
Z
R,1
2 . The reason is that in odd dimension class Z
R pre-
serves two symmetries but class ZR,12 preserves one. In
the case of a single copy of the Hamiltonian, the gap
opening term for both of the classes is not allowed by
the symmetries. However, the difference of the restric-
tions is shown from the two copies of the Hamiltonian.
For class ZR the gap opening term is still forbidden; for
class ZR,12 it becomes allowed. That is the reason that
the two classes possess different topological invariants:
Z and Z2.
3. ZR,22 in odd dimension
The relation of the symmetry operator between class
Z
R and ZR,12 in eqs. (39) and (40) shows that T
2
ZR
and
C2
Z2R
have the same sign but C2
ZR
and T 2
Z2R
have the
different sign. Furthermore, a Dirac Hamiltonian in
class ZR,22 is twice the minimum dimension in class Z
R.
Therefore, we define the symmetry operators in class
Z
R,2
2 as TZR,2
2
= CZR ⊗ σy and CZR,2
2
= TZ ⊗ σx. At the
same time, the Hamiltonian must be defined as
H(k)
Z
R,2
2
= H(k)ZR ⊗ σz . (46)
4. ZR,12 in even dimension
A system in class ZR in even dimension has only
one of the two symmetries (TZR and CZR). However,
a system in class ZR,12 possesses those two symmetries.
Therefore, to construct the symmetry preserving Hamil-
tonian in class ZR,12 , we have to enlarge the original
Hamiltonian of class ZR. This is the reason that for ZR,12
the minimum dimension of the Hamiltonian in even di-
mension is twice as big as for ZR. The expression of the
Hamiltonian is written as
H(k)
Z
R,1
2
= (±Mγ˜0 +
d∑
i=1
kiγi)⊗ σz (47)
Here σz keeps the Hamiltonian preserving TRS and
PHS. To verify this, we need to find those two corre-
sponding symmetry operators. There are two situations
from the symmetry of class ZR to define time rever-
sal operator and particle hole operator for class ZR,12 .
For the first case, as d = 4l, a system of ZR only has
TRS (TZR). To preserving TRS and PHS for class Z
R,1
2 ,
the two symmetry operators can be defined as T
Z
R,1
2
=
TZR ⊗ 1 and CZR,1
2
= TZR ⊗ σx; the definition obeys the
symmetry operator relation in eq. (39). For the other
case, as d = 4l + 2 there is only particle hole symme-
try CZR in class Z
R. Similarly, the two symmetry are
defined as T
Z
R,1
2
= CZR⊗σy and CZR,1
2
= CZR⊗1, which
obey the relation in eq. (40).
5. ZR,22 in even dimension
In even dimension a Dirac Hamiltonian in class ZR,22
preserves one of the two symmetries in class ZR,12 . By
eq. (37), the minimum dimensions of H(k)
Z
R,2
2
and
H(k)
Z
R,1
2
are the same. This situation is similar with the
construction of a Hamiltonian in class ZR,12 in odd di-
mension. Therefore, in this case
H(k)
Z
R,2
2
= H(k)
Z
R,1
2
. (48)
The corresponding symmetry in different dimensions
can be considered separately: d = 4l and d = 4l + 2.
For the former, C
Z
R,1
2
= TZR ⊗ σx; for the latter, TZR,1
2
=
CZR ⊗ σy .
A. The same class, different dimensions
Suppose we know the explicit form of a Dirac Hamil-
tonian H(k)d
ZR
in d dimension. By eqs. (37) and (38), a
Dirac Hamiltonian H(k)d+2
ZR
in d + 2 dimension is twice
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the minimum dimension of H(k)d
ZR
. To construct this
higher dimension Hamiltonian, we need to have two ex-
tra linear momentum terms anticommuting with the en-
largedH(k)d
ZR
. To satisfy this relation, the newHamilto-
nian is constructed from the tensor product of the three
Pauli matrices
H(k)d+2
ZR
= H(k)d
ZR
⊗σy+kd+11⊗σx+kd+21⊗σz. (49)
Furthermore, from the dimension independent symme-
try operator relations of eqs. (39) and (40), (T d+2
ZR
)2 and
(Cd
ZR
)2 have different signs and (Cd+2
ZR
)2 and (T d
ZR
)2
have the same sign. To obey these relations and the sym-
metry equations, the symmetry operators should be
T d+2
ZR
= Cd
ZR
⊗ σy , C
d+2
ZR
= T d
ZR
⊗ 1 (50)
As d is odd, the Hamiltonian preserves both of the sym-
metries. As d = 4l(d = 4l + 2), the former(latter) opera-
tor is kept.
There is an interesting discussion about symmetry
breaking aswe add TZRCZR into theHamiltonian, which
will be used in the last two sections. In class ZR in
odd dimension the Hamiltonian preserve TRS and PHS.
Recalling the parent Hamiltonian in 1-d in eq. (42),
T 1
ZR
C1
ZR
= σz is hermitian and breaks PHS but pre-
serves TRS. We apply the relation in eq. (49), to find
the generalization of TZRCZR breaking symmetry in any
odd dimension. Therefore, such generalization is that as
d = 4l + 1(4l + 3), TZRCZR breaks PHS(TRS) and pre-
serves TRS(PHS).
VII. THE DIRAC HAMILTONIAN FOR Z2 3D
TOPOLOGICAL INSULATORS
We build a concrete lattice model of a Dirac Hamilto-
nian, to demonstrate gapless surfacemodes for 3D topo-
logical insulators— a strong topological insulator has a
single Dirac cone on the surface and a weak topological
insulator has two Dirac cones on the surface. One26 of
the simplest lattice models is written as
H =
∑
m,n,l
[Mγ˜0c
†
m,n,lcm,n,l
+
γ˜0 + iγ1
2
c†m,n,lcm+1,n,l +
γ˜0 − iγ1
2
c†m,n,lcm−1,n,l
+
γ˜0 + iγ2
2
c†m,n,lcm,n+1,l +
γ˜0 − iγ2
2
c†m,n,lcm,n−1,l
+
γ˜0 + iγ3
2
c†m,n,lcm,n,l+1 +
γ˜0 − iγ3
2
c†m,n,lcm,n,l−1].
(51)
For simplicity, we let the lattice constant be 1. These
gamma matrices have the explicit form of the tensor
products of two Pauli matrices corresponding to orbital
and spin degrees of freedom respectively: γ1 = σz ⊗ σx,
γ2 = σz⊗σy, γ3 = σz⊗σz, γ˜0 = σx⊗1. However, without
knowing this expression of the gamma matrices we still
can use anticommutation relation of the gamma metrics
to derive the surface states. We only need to know that
the minimum size of the Dirac Hamiltonian is 4×4 from
table IV. It is easy to check that the Hamiltonian pre-
serves TRS with the time reversal operator T = 1⊗σyK .
To determine the topological invariants, we consider the
Hamiltonian in momentum space:
HTI =
∑
p
c†
p
[
(M + cos px + cos py + cos pz)γ˜0 + sin pxγ1
+ sin pyγ2 + sin pzγ3
]
cp. (52)
From this Hamiltonian, we can see that quantum phase
transition points are at M = 3, 1, −1, −3. The system
is also preserved by inversion symmetry with the op-
erator P = γ˜0. Fu and Kane’s paper
27 shows that the
corresponding topological invariants are
M > 3 (0;000)
3 >M > 1 (1;000)
1 >M > −1 (0;111)
−1 >M > −3 (1;111)
−3 >M (0;000)
Consider open boundary condition in the z direction
and periodic boundary conditions in the other direc-
tions. Momentum px and py are still good quantum
numbers in the Dirac Hamiltonian
HTI =
∑
px,py,l
{
c†px,py,l
[
(M + cos px + cos py)γ˜0 + sin pxγ1
+ sin pyγ2
]
cpx,py,l + c
†
px,py,l
γ˜0 + iγ3
2
cpx,py,l+1
+ c†px,py,l
γ˜0 − iγ3
2
cpx,py,l−1
}
(53)
To solve the Schro¨dinger equation, let
∑
l αlc
†
l | 0〉 be an
eigenstate. We can write down a recurrence equation,
which is the Harper equation
Eµαl = [(M + cos px + cos py)γ˜0 + sin pxγ1 + sin pyγ2]αl
+
γ˜0 + iγ3
2
αl+1 +
γ˜0 − iγ3
2
αl−1 (54)
To simplify the calculation, define |+〉 and |−〉, two sub-
spaces, which satisfy
I+ iγ˜0γ3
2
|+〉 = |+〉,
I− iγ˜0γ3
2
|+〉 = 0 (55)
I− iγ˜0γ3
2
|−〉 = |−〉,
I+ iγ˜0γ3
2
|−〉 = 0, (56)
That is, |+〉 and |−〉 are eigenspaces of iγ˜0γ3 with eigen-
values±1. Therefore, αl can be decomposed to α
+
l |+〉+
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α−l |−〉. Rewrite eq. (54)
Eµ(α
+
l | +〉+ α
−
l |−〉)
=(M + cos px + cospy)(α
+
l γ˜0|+〉+ α
−
l γ˜0|−〉)
+ (sin pxγ1 + sin pyγ2)(α
+
l |+〉+ α
−
l |−〉)
+ α+l+1γ˜0|+〉+ α
−
l−1γ˜0|−〉 (57)
To capture the surface states with zero energy (Eµ =
0), let sin px, sin py vanish and will be recovered later.
Therefore, we have two recurrence equations by com-
paring with the coefficients of γ˜0|+〉 and γ˜0|−〉
−(M + cos px + cos py)α
±
l = α
±
l±1 (58)
For the open boundary condition in the z direction, the
wave functionmust vanish at the boundary: α±0 = 0 and
α±L+1 = 0. To obtain surface states, we have α
+
l → 0 as
l→ L and α−l → 0 as l→ 0when |M +cos px+cos py| <
1. Since α±l has two degrees of freedom, if the surface
states exist, there are at least two orthonormal surface
states (|+1,2〉 or |−1,2〉) on each side. The number of the
surface states for differentM is given by
|M | > 3 No surface states
3 > M > 1 1× 2 surface states as p = (π, π)
1 > M > −1 2× 2 surface states as p = (π, 0), (0, π)
−1 > M > −3 1× 2 surface state as p = (0, 0).
After considering the zero energy case above, we re-
cover sin px and sin py in the Hamiltonian in eq. (54).
Since iγ˜0γ3 commutes with γ1 and γ2, the surfaceHamil-
tonian can be written as the projection of eq. (54) on
|+1,2〉 or |−1,2〉 on each surface. To simplify the prob-
lem, we focus on one surface, say |+1,2〉. The expression
of the surface Hamiltonians for differentM is
3 > M > 1 Hsurf = sin∆pxΥ1 + sin∆pyΥ2 (59)
1 > M > −1 Hsurf = sin∆pxσz ⊗Υ1 − sin∆pyσz ⊗Υ2
(60)
−1 > M > −3 Hsurf = − sin∆pxΥ1 − sin∆pyΥ2, (61)
where Υiαβ = 〈+α, ~p|γi|+β, ~p〉, {Υi,Υj} = 2δij1, and
∆p = ~p − p. The Pauli matrix σz of eq. (60) is in the ba-
sis near ~p = (0, π) and (π, 0). The momentum p is for
the entire first Brillouin zone but in the region so that
|M + cos px + cos py| < 1. We note that these surface
Hamiltonian still preserve TRS due to time reversal pre-
served iγ˜0γ3. Υ1 and Υ2 anticommute with each other
because of the equivalent relation
(
1+ iγ1γ3
2
)γi(
1+ iγ1γ3
2
) ∼
(
Υi 0
0 0
)
for i = 1, 2 (62)
and anticommutation relation between γ1 and γ2. For a
strong topological insulator, if we wish to open a surface
gap, TRS must be broken. For a weak topological insu-
lator, we will show later, some density wave can open
up the surface gap.
A. The gapped surface state of a strong topological
insulator
For a strong topological insulator, we are interested in
the physics of the surface state gapped by magnetic ma-
terials. These magnetic materials, having the opposite
magnetization directions, form a domain wall. We will
show on the surface around this domain wall there is a
chiral gapless state. We can keep the linear part of p in
the surface Hamiltonian for a strong topological insula-
tor, say 3 > M > 1, to capture the lowest energy physics
Hsurf = pxΥ1 + pyΥ2 +mΥ3, (63)
wheremΥ3 from the magnetic materials breaks TRS. To
have a domain wall we can set up m > 0 as x > 0, and
m < 0 as x < 0; momentum px is not a good quantum
number so let px → −i∂/∂x. After following the similar
calculation in section IIA, Hsurf is a 2 × 2 matrix from
the projection of the 4 × 4 bulk Hamiltonian matrix. We
find only one eigenstate with an energy
ΨFM = e
−
∫
x
0
m(x′)dx′ψ, E = ±py, (64)
where ψ is an eigenstate of iΥ1Υ3 with an eigenvalue
1. Since iΥ1Υ3 commute with Υ2, ψ is chosen as an
eigenstate of Υ2 with an eigenvalue 1 or −1, which de-
termines the sign of E. There is a chiral gapless edge
state around x = 0. We can argue that the regions of
x > 0 and x < 0 demonstrate a half quantum Hall ef-
fect. QuantumHall effect can be described by the TKNN
number1. Those regions have the same absolute values
of TKNN number because the sign ofm does not change
physics. Moreover, a chiral edge state between those
regions shows the difference of the TKNN numbers is
one. Thus, the surface of a strong topological insulator
gapped by a uniform magnetic material exhibits a half
quantum Hall effect.
B. The gapped surface state of a weak topological
insulator
A weak topological insulator with zero strong index
have twoDirac cones on the surface. When translational
symmetry is broken by adding proper CDW, the scatter-
ing of these two Dirac cones opens gaps. Later, we will
show that helical gapless edge states18 are seen around
this CDW domain wall, which is similar with the do-
main wall of magnetic materials. Consider a CDW cre-
ates potential difference, preserving TRS, for each near-
est neighbor side along the x and y directions
HCDW = ǫ
∑
(−1)n+mc†n,m,lcn,m,l (65)
Transform this additional Hamiltonian to the momen-
tum space
HCDW = ǫ
∑
c†px+π,py+π,lcpx,py,l (66)
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We focus on the weak topological insulator phase in
the region 1 > M > −1. The surface Hamiltonian in
eq. (60) with CDW in the basis of the four surface states
|+1,2, 0, π〉, |+1,2, π, 0〉 is expressed as
HsurfCDW = sin∆pxσz⊗Υ1−sin∆pyσz⊗Υ2+ǫσx⊗1 (67)
This CDW is the only term opening a gap on the surface
states and preserving TRS. However, a question arises:
what is the physical property of this surface system?
Consider the low energy physics— sin∆px → ∆px and
sin∆py → ∆py . Again we set up a domain wall along
the x direction: ǫ > 0 as x > 0, and ǫ < 0 as x < 0.
The momentum px is not a proper quantum number so
px → −i∂/∂x. After solving the Schro¨dinger equation,
the two eigenstates and the corresponding eigenvalues
are given by
ΦCDW± = e
−
∫
x
0
ǫ(x′)dx′ϕ±, E± = ±py, (68)
where ϕ± is an eigenstate of σx ⊗ Υ1 and σz ⊗ Υ2 with
the eigenvalues−1 and±1 respectively because σx⊗Υ1
commutes with σz ⊗ Υ2. These two states ΦCDW± pro-
vide helical gapless spectrum around the domain wall.
We can make a similar argument with a half quantum
Hall effect that the states on the surface gapped by a uni-
form CDW have a half quantum spin Hall effect.
VIII. GENERALIZATION OF A NON-TRIVIAL
SURFACE ON A STRONG TOPOLOGICAL INSULATOR
The preceding section shows that on a 3D topologi-
cal insulator the gapless surface states gapped by TRS
breaking exhibits a half quantum Hall effect. However,
this example is a part of the big scheme: when the pro-
tected gapless surface states is gapped by some symme-
try breaking, this surface system, belonging to a differ-
ent d − 1 spatial dimension symmetry class, might pos-
sess nontrivial topological properties. First, we consider
three symmetry breaking cases: time reversal, particle-
hole, and chiral symmetries. Although PHS breaking
is not physical, in our mathematical generalization PHS
plays the essential role as TRS. To have nontrivial topo-
logical physics, the surface states in (d-1)-dimension
with symmetry breaking must fall into class Z or Z2 be-
cause the gapless edge states of the surface are not pro-
tected in class “0”. Thirdly, for Z and Z2 topological in-
sulators and superconductors, Dirac cones, representing
the gapless states, on the surfaces are not necessarily sit-
ting at symmetry points. In this section, to avoid com-
plexity of scattering between Dirac cones with different
momenta, we focus on those Dirac cones at~0 in Brillouin
zone. That is, the surface Hamiltonian for class ZR is ex-
pressed as
Hsurf
ZR
=
d−1∑
i=1
kiΥi, (69)
where {Υi,Υj} = 2δij1. This Hamiltonian H
surf
ZR
is the
projection of the bulk Hamiltonian HZR in eq. (41). By
knowing table V, any surface Hamiltonian in nontrivial
symmetry class can be generated by Hsurf
ZR
. Fourthly, we
expect that once the gapless surface states are gapped,
the surface always exhibits a nontrivial topological be-
havior. However, there are two exceptions: ZC ← ZR,22
and ZC ← 2ZR from the bulk in odd dimension to the
surface in even dimension. That is, the surface states
may be gapped by different forms of the same kind sym-
metry breaking terms. The surfaces of these two systems
might be in a nontrivial or trivial phase. In the follow-
ing, we simplify our focus on the cases that the gapless
surface states only can be gapped by a unique gapping
term in that new symmetry class. Such gapped surface
states inevitably stay in a nontrivial phase.
By observing the classification table I, we find that
there are eight ways to have nontrivial topological
physics on the surface by breaking one symmetry and
only one way by breaking two symmetries. Such paths
of breaking symmetries can be classified to four cat-
egories as a nontrivial topological class in d bulk di-
mension changes to another in d− 1 surface dimension:
Z← Z, Z2 ← Z, Z← Z2, and Z2 ← Z2. In the following
subsection, we discuss these four categories in details.
1. Z← Z
In odd dimension d = 2n+ 1, there are three nontriv-
ial physics cases of the surface Hamiltonian by breaking
one symmetry: ZC ← ZC , ZR ← ZR, and 2ZR ← 2ZR.
For the first case, for the minimum model SZC chiral
symmetry operator is hermitian by choosing a proper
phase. We can project SZC into the surface as half-size
Ssurf
ZC
breaking chiral symmetry. The surface states fall
into class ZC in 2n-dimension. For the two remaining
cases (ZR and 2ZR), chiral symmetry operator is the
combination of TRS and PHS operators S = TC. From
the result of section VIA, SZR and S2ZR = SZR ⊗1 break
TRS(PHS) and keeps PHS(TRS) as d = 4l + 3(4l + 1).
Hence, after adding the surface projection of TZRCZR
to the surface states, topological invariant class ZR and
2ZR are still unchanged in the symmetry breaking sur-
face. Suppose there are a Dirac cone for ZC and ZR and
a pair of Dirac cones for 2ZR on the surfaces; the gapped
surface Hamiltonians for those three cases are written as
Hsurf
ZC←ZC =mS
surf
ZC
+
2n∑
i=1
kiΥi, (70)
Hsurf
ZR←ZR =mS
surf
ZR
+
2n∑
i=1
kiΥi, (71)
Hsurf2ZR←2ZR =mS
surf
ZR
⊗ 1+
2n∑
i=1
kiΥi ⊗ 1. (72)
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We note that the minimum matrix dimension of the 2n-
dimensional surface Hamiltonians HZC , HZR , H2ZR are
2n×2n, 2n×2n, and 2n+1×2n+1 from the matrix dimen-
sion reduction of the bulk Dirac Hamiltonians in 2n+ 1
dimensions. On the other hand, the bulk Dirac Hamilto-
nians in 2n dimensions for class ZC , ZR, and 2ZR have
the same minimum matrix dimensions of those surface
Hamiltonians respectively. Therefore, in class Z the chi-
ral symmetry operator is the only symmetry preserving
mass term in the surface Hamiltonians. By following the
similar argument in section VIIA, the surface Hamilto-
nian exhibits half topological physics. That is, the topo-
logical numbers ofHsurf
ZC
andHsurf
ZR
is±1/2 and the topo-
logical number of Hsurf2ZR is ±1, which is different from
even topological number in class 2Z.
Consider two symmetries are broken. We find that
only in odd dimension ZC ← ZR the surface Hamilto-
nian has a non-trivial topological physics. The surface
Hamiltonian Hsurf
ZC←ZR is identical to H
surf
ZR←ZR . The mass
term Ssurf
ZC
breaks one of the symmetries. The other sym-
metry breaking does not anticommute with all of the el-
ements of the Hamiltonian. The reason is that another
anticommuting term causes that the system is always in
the trivial phase; it contradicts class ZC in even dimen-
sion has the only one symmetry preserving mass term
in the minimal Hamiltonian. Therefore, this symmetry
breaking does not change the topological invariantZ but
switches the symmetry class from ZR to ZC .
When we investigate the surface Hamiltonian in even
dimension d = 2n after one symmetry breaking, there is
no nontrivial topological physics in this case.
2. Z2 ← Z
The only way from Z to Z2 by breaking a symmetry is
from in odd dimension (d = 2n+1)ZR to ZR,22 . The peri-
odic table shows that to change this topological property
we require TRS breaking as d = 4l + 1 and PHS break-
ing as d = 4l + 3. When that symmetry is broken in
odd dimension, the topological invariant becomes Z2.
Therefore, if the original strong index in Z is odd, af-
ter symmetry breaking, one of the Dirac cones is still
topological protected. Here, we are interested in gapped
surface states and leave the semimetal surface states for
the future discussion. We focus on that the strong in-
dex is two. We find that all of the gapless states in the
surface only can be gapped by the unique symmetry
breaking term SZC ⊗ σy . The Pauli matrix σy , the break-
ing symmetry switches from PHS(TRS) to TRS(PHS) as
d = 4l+3(4l+1). With TR operator T = T surf
ZR
⊗1 and PH
operator C = Csurf
ZR
⊗ 1 the gapped surface Hamiltonian
is written as
Hsurf
Z
R,2
2
←ZR
=
2n∑
i=1
kiΥi ⊗ 1+mS
surf
ZR
⊗ σy, (73)
The first term is the gapless surface Hamiltonian and the
size of Υis is 2
n × 2n. In 2n-dimension, the minimum
dimension of a bulk Dirac Hamiltonian is 2n+1 × 2n+1
by eq. (37). Therefore, this Hamiltonian shows that the
system has a half topological physics.
3. Z← Z2
In odd dimension d = 2n+ 1, there are two possibili-
ties to have non-trivial topological surface physics after
breaking one symmetry — ZC ← ZR,12 and 2Z
R ← ZR,22 .
By observing the classification table, the two cases in
the same dimension break the same symmetry. That is,
d = 4l + 1 corresponds to PHS breaking and d = 4l + 3
corresponds to TRS breaking. We add the unique sym-
metry breaking term (Ssurf
ZR
) into the gapless surface
Hamiltonian
Hsurf
ZC←ZR,1
2
=mSsurf
ZR
+
2n∑
i=1
kiΥi (74)
Hsurf
2ZR←ZR,2
2
=mSsurf
ZR
⊗ 1+
2n∑
i=1
kiΥi ⊗ 1. (75)
We note that the size of Υi is 2
n× 2n. In d = 2n the min-
imum matrix dimension of bulk Dirac Hamiltonians in
class ZC and 2Z
R are 2n × 2n and 2n+1 × 2n+1 respec-
tively. The systems for these two cases have one half
topological physics.
In even dimension d = 2n+2, the only possible way to
have a non-trivial topological surface is ZC ← ZR,12 . The
symmetry class corresponding to ZR,12 has TRS, PHS,
and chiral symmetry. Table V shows that the corre-
sponding symmetry operators for the surface Hamilto-
nian are
T = T surf
ZR
⊗ 1, C = T surf
ZR
⊗ σx, and S = 1⊗ σx as d = 4l
(76)
T = Csurf
ZR
⊗ σy, C = C
surf
ZR
⊗ 1, and S = 1⊗ σy as d = 4l + 2
(77)
We can add the unique mass termm1⊗σy andm1⊗σx
respectively, which breaks TRS and PHS but preserve
chiral symmetry, into the gapless surface Hamiltonian
Hsurf
ZC←ZR,1
2
=
2n+1∑
i=1
kiΥi ⊗ σz +m1⊗ σy, as n = 2l− 1
(78)
Hsurf
ZC←ZR,1
2
=
2n+1∑
i=1
kiΥi ⊗ σz +m1⊗ σx, as n = 2l (79)
The size (2n+1 × 2n+1) of the surface Hamiltonian in the
symmetry class of ZR,12 is consistent with the minimum
matrix dimension of the bulk Dirac Hamiltonian for ZC
in d = 2n + 1 with a mass term. Hence, the system has
one half topological physics.
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4. Z2 ← Z2
In odd dimension d = 2n + 1, there is only one case
of nontrivial topological physics after one symmetry
breaking — ZR,22 ← Z
R,2
2 . From the classification table,
the dimension d = 4l + 1 corresponds to TRS breaking
and the dimension d = 4l+3 corresponds to PHS break-
ing. We are seeking this symmetry breaking term. First,
the corresponding symmetries are T
Z
R,2
2
= TZR ⊗ σy and
C
Z
R,2
2
= CZR ⊗ 1 as d = 4l + 1 and TZR,2
2
= TZR ⊗ 1 and
C
Z
R,2
2
= CZR ⊗ σy as d = 4l + 3. Also, from Z ← Z case,
SZR breaks PHS as d = 4l + 1 and TRS as d = 4l + 3.
Therefore, the unique mass term mSZR ⊗ σy exchanges
TRS and PHS breaking and preserve the symmetry cor-
responding to ZR,22 in d = 2n. The surface Hamiltonian
can be added by the projection of this breaking term
from the bulk
Hsurf
Z
R,2
2
←ZR,2
2
=
2n∑
i=1
kiΥi ⊗ 1+mS
surf
ZR
⊗ σy . (80)
Similarly, the size of surfaceHamiltonian 2n+1×2n+1 fits
the minimum matrix dimension of a bulk Dirac Hamil-
tonian of ZR,22 in d = 2n. Thus, the system possesses a
half topological physics.
In even dimension d = 2n + 2, the surface Hamilto-
nian in table V have the corresponding two symmetry
operators: TZ1
R
= TZR ⊗ 1 and CZR,1
2
= TZR ⊗ σx as
d = 4l and TZ1
R
= CZR ⊗ σy and CZR,1
2
= TZR ⊗ 1 as
d = 4l+ 2. Observing ZR,12 ← Z
R,1
2 in the periodic table,
we find that PHS is broken as d = 4l and TRS is broken
as d = 4l + 2. We can gap the surface Hamiltonian by
adding the unique symmetry breaking mass term obey-
ing the rules above
Hsurf
Z
R,1
2
←ZR,1
2
=
2n+1∑
i=1
kiΥi ⊗ σz + 1⊗ σk, (81)
where k = x as d = 4l and k = y as d = 4l + 2. We note
that the size of the surface Hamiltonian is 2n× 2n. Also,
it is the same with the minimum matrix dimension of a
bulk Dirac Hamiltonian for ZR,12 in d = 2n + 1. This
gapped Hamiltonian exhibits a half topological prop-
erty.
IX. GENERALIZATION OF A NON-TRIVIAL SURFACE
ON A WEAK TOPOLOGICAL INSULATOR
Gapped by CDW, the surface of a 3Dweak topological
insulator exhibits a half quantum spin Hall effect in sec-
tion VII B. This CDW keeps the system in the same sym-
metry class by preserving TRS. In this section, we gener-
alize this idea to some weak topological insulators and
superconductors that possess a pair of the Dirac cones
at two different locations of the surface Brillouin zone.
The surface states of such systems are gapless but un-
stable in the presence of density wave. By observing the
periodic table, there are two possible procedures to have
topological surfaces: ZR,22 ← Z
R,1
2 and Z
R,1
2 ← Z
R.
A single Dirac cone HsurfDirac is topologically protected
in class Z and Z2 in the absence of symmetry-preserving
gap-opening terms. However, for the surface of class
Z2 possessing two Dirac cones, there exists a symmetry-
preserving coupling between these two cones so that the
surface becomes gapped. The case of class Z is also true
if the two Dirac cones have the opposite orientations.
That is, the surface Hamiltonian Hsurf of the two Dirac
cones can be gapped out by a off-diagonal term
Hsurf =
(
Hsurf1Dirac 0
0 Hsurf2Dirac
)
. (82)
If these two cones are at the same lattice momentum,
some symmetry preserving perturbations can easily gap
out the surface. This is the reason that such system
is classified as trivial. However, in our case these two
cones are at the different lattice momenta. Only scatter-
ing being their lattice momentum difference can be the
coupling between the two cones. In the following of this
section, we will identify the explicit form of such cou-
pling gapping Hsurf for ZR,22 ← Z
R,1
2 and Z
R,1
2 ← Z
R in
any spatial dimension and discuss the topological fea-
tures of the gapped surface states. However, a trivial
(“0”) symmetry class may have weak indices,28 if in the
lower dimension this class has a Z topological invariant.
It is possible to consider Z ← 0. Due to its complexity,
we leave this part as future direction.
A. ZR,12 ← Z
R
In general, ZR weak topological insulators and su-
perconductors may have even number of gapless cones
with the opposite orientations on the surface. For sim-
plicity, we put our focus on a pair of the gapless cones.
When we write down the surface Hamiltonian in d
spatial dimension, the opposition orientations can ex-
pressed by the different signs of Υ1 without loss of gen-
erality
Hsurf
Z
R,1
2
←ZR
=
(
k1Υ1 +
∑d−1
i=2 kiΥi 0
0 −k1Υ1 +
∑d−1
i=2 kiΥi
)
.
(83)
The two gapless cones are located at different momenta
so the off-diagonal terms between these two gapless
cones must come from density waves. In odd(even) spa-
tial dimension, the Hamiltonian preserves TRS and(or)
PHS with T = 1 ⊗ TZR and(or) C = 1 ⊗ CZR . In sec-
tion IV, by comparing with the minimum dimension
of surface Hamiltonian Hsurf
Z
R,1
2
←ZR
and bulk Hamilto-
nian H
Z
R,1
2
in the same dimension, there exists a unique
symmetry-preserving gap-opening termmσy ⊗Υ1. The
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reason is that if theremore one gap opening terms,H
Z
R,1
2
is classified to “0”, which contradicts Z2 invariant. With
mσy⊗Υ1,H
surf
Z
R,1
2
←ZR
is equivalent toH
Z
R,1
2
. We canmake
a similar argument with section VIII; the surface system
exhibits a half topological physics feature.
B. ZR,22 ← Z
R,1
2
For class ZR,12 , the surface Hamiltonians of a gapless
cone in odd and even spatial dimensions have different
forms of the expression Hsurf
ZR
from table V; the surface
physics in odd and even dimensions should be consid-
ered separately. In odd dimension (d = 2n+ 1), the sur-
face Hamiltonian of a weak topological insulator or su-
perconductor possesses two gapless cones
Hsurf
Z
R,2
2
←ZR,1
2
=
(∑2n
i=1 kiΥi 0
0
∑2n
i=1 kiΥi
)
. (84)
For class Z2, all of the surface gapless cones are in
one equivalent representation. There exists a unitary
transformation so that the different expressions of two
arbitrary surface gapless cones can be written in the
same manner in Hsurf
Z
R,2
2
←ZR,1
2
. As d = 4l + 1(4l + 3),
the Hamiltonian preserves PHS(TRS) with the operator
C = 1 ⊗ CZR(T = 1 ⊗ TZR). Knowing the symmetry
property of SZC from section VIA, we find the unique
symmetry preserving gap term σy ⊗ SZC . The reason is
that σy exchanges the preserving and breaking symme-
try of SZC . H
surf
Z
R,2
2
←ZR,1
2
have the same dimension(size) of
H
Z
R,2
2
in d − 1 spatial dimension. Therefore, these two
Hamiltonians are equivalent so this surface system has
a half topological physics feature.
In even spatial dimension (d = 2n+2), based on the ta-
ble V, the surface Hamiltonian of two gapless cones can
be written in this form after the proper unitary transfor-
mation
Hsurf
Z
R,2
2
←ZR,1
2
=
(∑2n+1
i=1 kiΥi ⊗ σz 0
0
∑2n+1
i=1 kiΥi ⊗ σz
)
(85)
The system for class ZR,12 preserves TRS and PHS; ta-
ble V shows that as d = 4l(4l+ 2), the symmetry opera-
tors are T = TZR ⊗ 1 and C = TZR ⊗ σx(T = CZR ⊗ σy
and C = CZR ⊗ 1). We can find the unique gap term
respecting the symmetries
Hsurf
Z
R,2
2
←ZR,1
2
=
(
0 −i1⊗ σk
i1⊗ σk 0
)
, (86)
where k = y(x) as d = 4l(4l + 2). Likewise, in even
dimension, Hsurf
Z
R,2
2
←ZR,1
2
is equivalent to H
Z
R,2
2
in 2n+1
dimension. This system also has a topological physics
feature.
X. CONCLUSION
In this paper we have studied bulk and surface Dirac
Hamiltonians in Altland-Zirnbauer symmetry classes
by Clifford algebra. Although the ten-fold classification
has been well studied, we have provided the matrix di-
mensions and expressions of minimal Hamiltonians for
each symmetry class and any spatial dimensions in ta-
bles IV and V. That is, a toy model can be quickly estab-
lished for any topological insulators and superconduc-
tors by consulting this paper.
To determine non-triviality of the gapped surface
states of strong or weak topological insulators and su-
perconductors, we can directly compare with the mini-
mum dimension of Dirac bulk Hamiltonians as shown
in table IV and gapless surface Hamiltonians, which
are half the size of the corresponding bulk Hamiltoni-
ans in one spatial dimension higher than the surface
dimension. When in a symmetry class the minimum
dimension of the surface Hamiltonian is equal to or
less than the minimum dimension of the bulk Hamil-
tonian in some symmetry classes, this surface Hamil-
tonian gapped by symmetry breaking or some density
wave to those symmetry classes may have a nontriv-
ial topological phases. The physical realization might
be surfaces of 3D topological insulators, which has been
discussed in this paper. Another possible realization is
surfaces of 3D time reversal topological superconduc-
tors in class DIII. A singe Dirac cone surface mode in a
strong TR topological superconductor can be gapped by
a time reversal breaking term and falls into class D. The
gapped surface system becomes non-trivial 2D topolog-
ical superconductors described by a half Chern num-
ber. Two Dirac cone surface modes that are located at
different lattice momenta with opposite orientations in
a weak TR topological superconductor can be gapped
by a symmetry preserving density wave. The surface
physics can be realized as a half non-trivial 2D TR su-
perconductor.
Acknowledgments
The author thank M. Franz, T. Hughes, S. Ryu,
M. Stone and J. Teo for useful discussions. The support
of the Max-Planck-UBC Centre for Quantum Materials
is gratefully acknowledged. This work wasmostly done
in the University of Illinois at Urbana-Champaign.
Appendix A: The proof of the isomorphism
We start at irreducible matrix representation of the
real Clifford algebra. Consider a set of square real matri-
ces {J1, J2, ..., Jp, J˜1, J˜2, ..., J˜q}, where Ji and J˜j are the
generators of the Clifford algebra Clp,q and obey the an-
ticommutation relations in eq. (27). Table VI shows the
16
Class Clp,q q = 0 1 2 3 4
D p = 1 2 2 22 4 8
DIII 2 4 4 4 42 8
AII 3 42 8 8 8 82
CII 4 8 82 16 16 16
C 5 8 16 162 32 32
CI 6 8 16 32 322 64
AI 7 82 16 32 64 642
BDI 8 16 162 32 64 128
TABLE VI: This table shows the minimum dimensions of Ji’s
and J˜j ’s. The integer p is the number of Ji’s and q is the num-
ber of the J˜j ’s. The table easily can be extended for large q
and p by exploiting the periodicity identity: dp+8,q = dp,q+8 =
16dp,q .
minimal dimension of Ji and J˜j real matrices. For ex-
ample, p = 2, p = 1: we can find the smallest matrices
obeying those anticommutation relations are given by
J1 = σx ⊗ iσy, J2 = σz ⊗ iσy, J˜1 = σy ⊗ σy (A1)
The minimal dimension (4× 4) of the matrices is consis-
tent with the number in table VI. On one hand, the sub-
script 2 for some Clp,q indicates two inequivalent repre-
sentations. For example, p = 3, q = 0
J1 = σx ⊗ iσy, J2 = σz ⊗ iσy, J3 = ±iσy ⊗ 1 (A2)
The signs indicate two inequivalent representations.
That is, these two sets of Ji cannot be orthogonal trans-
formed from one to the other. On the other hand, with-
out the subscript 2 any two generator sets of Clp,q can
be orthogonal transformed from one to the other.
To prove those isomorphisms, we separate the proof
to two following subsections. First, we consider Clgp,q ,
a set of the quadratic forms in the real vector space, to
construct the Hamiltonian in a complex vector space by
using the complex structure from J1. We find that there
exists a mapping f so that f : Clgp,q → G#. Secondly, we
start from Dirac Hamiltonians for each individual sym-
metry class. Since every complex vector space has a real
structure, by using this property, the inverse mapping
f−1 is found. This is our strategy to prove the isomor-
phisms.
1. f : Clgp,q → G#
The goal of this section is to find amapping fromClgp,q
on a real vector space toHsymmetry class on a complex vec-
tor space. To have a complex space from a twice-as-big
real space, we need to introduce a complex structure. A
complex structure on a real vector space is a linear map
J such that J2 = −1. In our case, we pick up J1 in Cl
g
p,q
as the role of J here. Moreover, J1 = J acts like “i”. That
is, for all x, y ∈ R, xv+ yJ1(v) in the real space VR corre-
sponds to xv + yiv in the complex space VC . Also, there
is an important theorem to describe linear and antilinear
mappings on a complex vector space
Theorem 1 A real linear transformation A : VR → VR
is a complex linear(antilinear) transformation of the corre-
sponding complex vector space VC if and only if A com-
mutes(anticommute) with J .
We will construct Hamiltonians in a real vector space
from the elements ofClgp,q . The Hamiltonians, which is a
complex linear transformation, must commute with J1.
Also, a antilinear transformation in the complex vector
space is a matrix anticommuting with J1. Time reversal
operator and particle-hole operator are antilinear and a
product of an odd number of the Ji6=1’s and J˜j ’s anti-
commutes with J1. Hence, this product is a candidate
of these symmetry operators. Likewise, a product of an
even number of the Ji6=1’s and J˜j ’s commutes J1 so the
Hamiltonian can be constructed from this product. In
the following, we find a mapping for each individual
symmetry class.
f : Clg3+D,d → GAII: In the Hamiltonian each piece,
which is an element in GAII, is constructed from the ele-
ments of Clg3+D,d as
H(k)AII = mJ1J2J3 +
D∑
j=1
mjJ1J2J3+j +
d∑
i=1
kiJ2J˜i.
(A3)
We construct a mapping so that J1J2J3+j → γ˜j for
0 ≤ j ≤ D and J2J˜i → ˜˜γi for 1 ≤ i ≤ d. The map-
ping is proper, since the matrices of J1J2Ji+3 and J2J˜j
have the anticommutation relation in eq. (17). To deter-
mine which symmetry class this Hamiltonian belongs
to, we try to find a product of an odd number of the
Ji6=1’s and J˜j ’s obeying the symmetry equations eqs. (1)
and (2). Only J2 is proper time reversal operator T sat-
isfying eq. (1). Because J22 = −1, this Hamiltonian in a
complex vector space belongs to class AII.
f : Clg4+D,d → GCII: similarly, the Hamiltonian is the
same form in eq. (A3). We found that the Hamiltonian
preserves two symmetries with time reversal operator
J2 → T and particle-hole operator J4+D → C. Hence,
the corresponding symmetry class is class CII.
f : Clg2+d,1+D → GC: we change the construction of
the Dirac Hamiltonian from J˜i and Ji
H(k)C = mJ2J˜1 +
D∑
j=1
mjJ2J˜1+j +
d∑
i=1
kiJ1J2Ji+2 (A4)
Consider the mapping from the real quadratic forms to
the complex quadratic forms: J2J˜j+1 → γ˜j for 0 ≤
j ≤ D and J1J2J˜i+2 → ˜˜γi for 1 ≤ i ≤ d. The anti-
commutation relations in eq. (17) are still preserved for
J2J˜j+1 and J1J2J˜i+2. By looking at all possible candi-
dates of the symmetry operators, the Hamiltonian only
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Class Symmetry operators Mapping Clp,q
D Γ2C = 1 J˜1 = ΓC , Jj+2 = ΓC Γ˜j , J˜i+1 = J1ΓCΓi Cl2+D,1+d
DIII −Γ2T = Γ
2
C = 1 J2 = ΓT , J˜1 = ΓC , Jj+3 = ΓCΓ˜j , J˜i+1 = J1ΓCΓi Cl3+D,1+d
AII Γ2T = −1 J2 = ΓT , Jj+3 = J1ΓT Γ˜j , J˜i = ΓTΓi Cl3+D,d
CII Γ2T = Γ
2
C = −1 J2 = ΓT , J3 = ΓC , J Jj+4 = J1ΓT Γ˜j , J˜i = ΓTΓi Cl4+D,d
C Γ2C = −1 J2 = ΓC , Ji+2 = J1ΓCΓi, J˜j+1 = ΓC Γ˜j Cl2+d,1+D
CI Γ2T = −Γ
2
C = 1 J2 = ΓC , J˜1 = ΓT , Ji+2 = J1ΓCΓi, J˜j+2 = ΓC Γ˜j Cl2+d,2+D
AI Γ2T = 1 J˜1 = ΓT , Ji+1 = ΓTΓi, J˜j+2 = J1ΓT Γ˜j Cl1+d,2+D
BDI Γ2T = Γ
2
C = 1 J˜1 = ΓT , J˜2 = ΓC , Ji+1 = ΓTΓi, J˜j+3 = J1ΓT Γ˜j Cl1+d,3+D
TABLE VII: Based on the anticommutation and commutation relation {J1,ΓT,C} = 0, [Γ˜j ,ΓT ] = 0, {Γi,ΓT } = 0, {Γ˜j ,ΓC} = 0,
[Γi,ΓC ] = 0, and {ΓC ,ΓT } = 0, as 0 ≤ j ≤ D and 0 < i ≤ d, we construct the mapping from any symmetry class to the
generators of the Clifford algebra so that Jk’s and J˜l’s obey the anticommutation relations in eq. (27).
preserves PHS as J2 → C PH operator. The Hamilto-
nian belongs to class C.
f : Clg2+d,2+D → GCI: likewise, we keep the Hamilto-
nian in the same form in eq. (A4). The system has an-
other symmetry — TRS with J˜2+D → T . Therefore, the
corresponding symmetry class is class CI.
f : Clg1+d,2+D → GAI: the Hamiltonian is in the form
of
H(k)C = mJ1J˜1J˜2 +
D∑
j=1
mjJ1J˜1J˜2+j +
d∑
i=1
kiJ˜1Ji+1.
(A5)
The mapping is J1J˜1J˜2+j → γ˜j and J˜1J1+i → γi. The
only possible symmetry operator is the TR operator
(J˜1 → T ). Hence, the Hamiltonian belongs to class AI.
f : Clg1+d,3+D → GBDI: The Hamiltonian is the same
form with H(k)C. The extra symmetry operator is the
PH operator (J˜1 → C). This is class BDI.
f : Clg2+D,1+d → GD: The form of the Hamiltonian is
H(k)D = mJ˜1J2+
D∑
j=1
mj J˜1J2+j+
d∑
i=1
kiJ1J˜1J˜1+i, (A6)
with PH operator J˜1 → C. Likewise, the mapping to the
complex vector space is J˜1J˜2+j → γ˜j and J1J˜1J1+i → γi.
Hence, the symmetry class is class CI.
f : Clg3+D,1+d → GDIII: The Hamiltonian is un-
changed with the extra TRS J˜3+D → T . Therefore, it
corresponds to class DIII.
2. f−1 : Gsymmetry class → Cl
g
p,q
We construct the mapping from all of the elements in
the Dirac Hamiltonian in form of eq. (16) and the cor-
responding symmetry operator to the generators of the
Clifford Algebra. All of these gamma matrices anticom-
mute with each other and the square of any of them is
identity. Because each complex vector space has real
structure, we can easily transform from this complex
vector space to a twice-big real vector space by change a
complex number to a 2× 2 real matrix
a+ bi→ a
(
1 0
0 1
)
+ b
(
0 1
−1 0
)
. (A7)
Since i2 = −1, we define
J1 = iσy ⊗ 1n×n, (A8)
where n is the dimension of the complex vector space.
The Hamiltonian in the real vector space is rewritten as
H(k) = M Γ˜0 +
D∑
j=1
mjΓ˜j +
d∑
i=1
kiΓi. (A9)
Here we use the big case for the real vector space to
distinguish the small case for the complex vector space.
The anticommutation relation of the gamma matrices in
eq. (17) can be rewritten as
{Γi,Γk} = 2δikI2n×2n, {Γ˜k, Γ˜j} = 2δkjI2n×2n, {Γi, Γ˜j} = 0
(A10)
Another advantage to discuss the symmetry classes in
the real vector space is that any antilinear operator can
be defined in a real matrix form. Without loss of gener-
ality, we define the conjugate operatorK as
K = σz ⊗ 1n×n, (A11)
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sinceK anticommutes with J1. Hence, time reversal and
particle-hole operators both are transformed to real ma-
trix forms as ΓT and ΓC in the real vector space. Phys-
ically, there is no commutation or anticommutation re-
lation between these two symmetry operators because
they describe different degrees of freedom. Further-
more, in a complex vector space these antilinear opera-
tor do not change symmetry properties as the operators
have a extra phase. Therefore,we can choose two proper
antilinear operators by adding some phases so that
{ΓC ,ΓT } = 0. (A12)
With the ingredients above, we can construct the map-
ping from a symmetry class to Clp,q as follows.
Class AII: we have some anticommutation and com-
mutation relations {J1,ΓT } = 0, [Γ˜j ,ΓT ] = 0, and
{Γi,ΓT } = 0. Also, Γ
2
T = −1. We can define J2 = ΓT ,
Jj+3 = J1ΓT Γ˜j , J˜i = ΓTΓi for 0 ≤ j ≤ D and 0 < i ≤ d.
These Jj ’s and J˜i’s, obeying the anticommutation rela-
tion in eq. (27), construct Cl3+D,d.
Class CII: we still keep TRS and introduce PHS in the
system. The PHS operator ΓC satisfies anitcommutation
and commutation relations: {J1,ΓC} = 0, {Γ˜j ,ΓC} = 0,
and [Γj,ΓC ] = 0. {ΓT ,ΓC} = 0. Also, in class CII Γ
2
C =
−1. To satisfy eq. (27) the definition of J˜j is the same
with class AII; moreover, new definitions are J3 = ΓC
and Jj+4 = J1ΓT Γ˜j . Those Ji’s and J˜j ’s correspond to
Clg4+D,d.
For the remaining six symmetry classes, the construc-
tion of the mapping is shown in table VII.
Appendix B: Equivalent Representation
The set SZ, including the elements in eq. (18) for a
Dirac Hamiltonian in any symmetry class possessing a
Z topological invariant, has two inequivalent represen-
tations. Likewise, in any symmetry class possessing a
Z2 topological invariant, the set SZ2 has only one equiv-
alent representation. More precisely, if g1 and g2 are in
the equivalent representation, then there exists a unitary
transformation U so that g1 = U
†g2U . In other words,
any two different set of a Dirac Hamiltonians with sym-
metry operators in the minimal model in the same Z2
invariant symmetry class and spatial dimension. One
set can be unitary transformed to the other. For Z it is
also true, when these two sets in the equivalent repre-
sentation. The proof in the following.
The elements in eq. (18) can be transformed to the real
vector space by applying the same transformation in ap-
pendix A 2
{Γ˜0, Γ˜1, · · · , Γ˜D, Γ1, Γ2, · · · , γd, ΓT , and ΓC}. (B1)
Now ΓT and ΓC are real matrices without the com-
plex conjugation. We notice that J1 is a surrogate of i
from the original complex vector space. The set above
can construct all of the generators of the corresponding
CLp,q except for J1 vice versa
{J2, ..., Jp, J˜1, J˜2, ..., J˜q} (B2)
Consider the two different sets g1 and g2 of eq. (18) in the
complex vector space in the same symmetry class and
spatial dimension. We can find the two corresponding
sets of eq. (B2). In table IV, the real Clifford algebra cor-
responding to Z2 has only one equivalent representation
and Z has two inequivalent representations. Therefore,
in the equivalent representation the two sets of eq. (B2)
can be orthogonal transformed from one to the other by
an orthogonal matrix O(2n). However, these two sys-
tems share the same J1, which gives the restriction the
orthogonal matrix
J1 = O
TJ1O (B3)
To obey this restriction, when the orthogonal matrix
O(2N) is transformed back to the original vector space,
O(2N)must be a unitary matrix U(N)15. By performing
the unitary transformation U(N), g1 = U
†g2U .
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